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GRAHAM-WITTEN’S CONFORMAL INVARIANT FOR CLOSED
FOUR DIMENSIONAL SUBMANIFOLDS
YONGBING ZHANG
Abstract. It was proved by Graham and Witten in 1999 that conformal invariants of
submanifolds can be obtained via volume renormalization of minimal surfaces in con-
formally compact Einstein manifolds. The conformal invariant of a submanifold Σ is
contained in the volume expansion of the minimal surface which is asymptotic to Σ
when the minimal surface approaches the conformaly infinity. In the paper we give the
explicit expression of Graham-Witten’s conformal invariant for closed four dimensional
submanifolds and find critical points of the conformal invariant in the case of Euclidean
ambient spaces.
1. Introduction
In the introduction we give a description of the main result and some related background
of the paper. The terminologies used in the introduction will be recalled in the next section.
Let (Xd+1, g+) be a conformally compact Einstein manifold and (M
d, [gconfinf ]) its
conformal infinity. A given metric g ∈ [gconfinf ] uniquely determines a special defining
function r on a neighborhood of M in X, upon to the conditions that (r2g+)|M = g and
|dr|r2g+ = 1 [12]. We denote gc = r2g+. With the special defining function r, one can
identify M × [0, ǫ), for some ǫ > 0, with a neighborhood of M in X. We denote the
neighborhood by Xǫ, and the identification
(1.1) M × [0, ǫ) ∼= Xǫ
is defined as follows: (p, r) ∈M × [0, ǫ) corresponds to the point obtained by following the
flow of ∇gcr emanating from p for r units of time. gc on M × [0, ǫ) takes the form of
(1.2) gc = dr
2 + g˜,
where g˜ is a 1-parameter family of metrics on M with the parameter r. By solving the
Einstein equation Ric(g+) = −dg+, for d odd the expansion of g˜ is of the form
(1.3) g˜ = g(0) + g(2)r2 + (even powers) + g(d−1)rd−1 + g(d)rd + · · ·
where g(j) are tensors on M and the dots stand for terms vanishing to higher order. For
j even and 0 ≤ j ≤ d− 1, the tensor g(j) is locally formally determined by the boundary
value g(0) = g, but g(d) is formally undetermined; for d even the expansion is
(1.4) g˜ = g(0) + g(2)r2 + (even powers) + hrd log d+ g(d)rd + · · ·
where g(j) and h are locally formally determined for j even and 0 ≤ j ≤ d− 2 by g(0) = g.
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The main object of the paper is a minimal surface in the conformally compact Einstein
manifold (X, g+) with prescribed asymptotic boundary. Let Σ
n be a submanifold of M
and Y n+1 →֒ (X, g+) be a minimal surface which is asymptotic to Σ. The problem of
existence and regularity of such minimal surfaces has been studied by Anderson [3, 4],
Hardt-Lin [27], Lin [30, 31, 32], Tonegawa [35], Han-Jiang [25] and Han-Shen-Wang [26].
We denote
(1.5) g = g|Σ.
The connections with respect to (M,g) and (Σ, g) will be denoted by ∇ and ∇ respectively,
and the connection of the normal bundle T⊥Σ of the immersion Σ →֒ (Md, g) will be
denoted by ∇⊥.
Graham and Witten [16] have introduced a natural and useful way to reformulate Y .
Namely, near the boundary M they express Y as a graph over Σ× [0, ǫ) and expand the
height functions of the graph in r. Near a point of Σn, let (xi, yα) be a local coordinate
chart of Md, where 1 ≤ i ≤ n and n+ 1 ≤ α ≤ d, so that
(1.6) Σ = {y = 0}; g( ∂
∂xi
,
∂
∂yα
) = 0 on Σ ,∀ i, α.
Note that via the identification (1.1), one has an extension of the coordinates (xi, yα) into
X, which together with r forms a local coordinate chart of X. The minimal surface Y can
be written as a graph {yα = uα(x, r)}. That is, near the boundary Y = (xi, uα(x, r), r).
Graham and Witten [16] proved that for n odd
(1.7) u = u(2)r2 + (even powers) + u(n+1)rn+1 + u(n+2)rn+2 + · · · ,
and for n even
(1.8) u = u(2)r2 + (even powers) + u(n)rn +wnr
n+2 log r + u(n+2)rn+2 + · · · ,
where the u(k) = (u(k)α), k < n + 2, and wn = (w
α
n) are functions of Σ and locally
determined, while u(n+2) is not locally determined. They showed that the first non-
vanishing coefficient u(2) is related to the mean curvature of Σ →֒ (M,g) by
(1.9) u(2) =
1
2n
H.
In the paper, we calculate the coefficient u(4) for n ≥ 3 by using the graphic minimal
surface equation of Y .
Proposition 1.1. For n ≥ 3,
8n(n− 2)u(4) = ∆⊥Hα + gijgkl〈Aik,H〉Aαjl −
2
n2
|H|2Hα
+gijgαγHβW iβjγ + (n− 4)gαγP βγHβ − gijP ijHα + 2ngikgjlP klAαij(1.10)
+ngαγgij(∇γP ij − 2∇iP jγ)− n− 2
n
HβHγΓ
α
βγ ,
where Aij denotes the second fundamental form of Σ →֒ (M,g), Γ, P and W denote the
Christoffel symbol, Schouten and Weyl tensor of g respectively.
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For n = 2, the calculation of w2 in (1.8) can be carried out in a similar way. We have
(1.11) w2 = − 1
16
W,
where
Wα = ∆⊥Hα + gijgkl〈Aik,H〉Aαjl −
1
2
|H|2Hα
+gijgαγHβW iβjγ − 2gαγP βγHβ − gijP ijHα + 4gikgjlP klAαij(1.12)
+2gαγgij(∇γP ij − 2∇iP jγ).
Note that if (X, g+) is the Poicare´ half-plane model of the hyperbolic space H
d+1, for
which (M,g) = Rd and g(2) = 0, then for Σ2 we have
W = ∆⊥H + gijgkl〈Aik,H〉Ajl − 1
2
|H|2H.
A surface Σ2 →֒ Rd with W = 0 is well-known to be a Willmore surface. Han and Jiang
[25] proved that in the case of Σ2 ∈ R3 the log term vanishes if and only if Σ is a Willmore
surface.
Our main aim of the paper is to calculate the conformal invariant, introduced by Graham
and Witten (for each dimensional submanifold) [16], for closed four dimensional submani-
folds. Here the conformal invariant for submanifolds is a functional of submanifolds which
is invariant under conformal transformations of the metric of the ambient space. Recently,
conformal invariants for hypersurfaces, constructed by using the volume renormalization of
solutions to the singular Yamabe problem or general singular volume measures, and related
aspects have been extensively studied [11, 14, 18, 19, 20, 21, 22, 36]. Graham-Witten’s
conformal invariants are obtained from the renormalization process of the volume of a
minimal surface Y n+1 in a conformally compact Einstein manifold (Xd+1, g+) which is
asymptotic to a submanifold Σn immersed in the conformal infinity of X.
Near the asymptotic boundary, the volume form of Y takes the form of
(1.13) dµY = r
−n−1[v(0) + v(2)r2 + (even powers) + v(n)rn + · · · ]dµΣdr,
where v(j) are locally determined functions of Σ, v(n) = 0 for n odd, and dµΣ is the volume
form of (Σ, g). As ǫ→ 0 and for n odd, the volume
(1.14) V olg+(Y ∩ {r > ǫ}) = c0ǫ−n + c2ǫ−n+2 + (odd powers) + cn−1ǫ−1 + cn + o(1),
and for n even
(1.15) V olg+(Y ∩ {r > ǫ}) = c0ǫ−n + (even powers) + cn−2ǫ−2 + Ln log
1
ǫ
+ cn + o(1),
where
(1.16) Ln =
∫
Σ
v(n)dµΣ.
An area law was proposed by Ryu and Takayanagi [33, 34] which holographically identifies
the volume in (1.14) or (1.15) with the entanglement entropy in quantum (conformal) field
theories. Graham and Witten proved the following
Theorem 1.2. ([16]) If n is odd, then cn is independent of the choice of special defining
function. If n is even, then Ln is independent of the choice of special defining function.
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Note that there is the one-to-one correspondence between representative metrics of the
conformal class (M, [gconfinf ]) and special defining functions. Hence cn for n odd and Ln
for n even are conformal invariants. cn is called the renormalized volume of Y . For n = 1,
an explicit expression of the renormalized volume c1 has been obtained by Alexakis and
Mazzeo [2]. For n = 2, Graham and Witten [16] showed that
−8L2 =
∫
Σ
(|H|2 + 4gijP ij)dµΣ,
where P = 1
d−2(Ric− 12(d−1)Rg) is the Schouten tensor of (Md, g). L2 is closely related to
the Willmore functional. For example, when Σ is a closed two dimensional hypersurface
in (M3, g), it easily follows from the Gauss formula and Gauss-Bonnet formula that
−8L2 = 8πχ(Σ) + 2
∫
Σ
| ◦A |2dµΣ,
where
◦
A denotes the traceless part of the second fundamental form of Σ.
Volume renormalization of a conformally compact Einstein manifold had been studied
at almost the same time [28, 29, 12], which can be viewed as the extreme case under the
setting of the paper: Σ = M and Y = X. The log terms of the volume expansion were
calculated explicitly in lower dimensions. For example, in dimension two
Ld=2 = −1
4
∫
M2
Rgdµg,
and in dimension four
(1.17) Ld=4 =
1
4
∫
M4
σ2(P )dµg,
where P is the Schouten tensor of g and σ2 is the second elementary symmetric func-
tion. The geometry and topology of closed four dimensional manifolds which admit a
metric g such that
∫
M4
Rdµg > 0 and
∫
M4
σ2(P )dµg > 0 has been studied by Gursky [23]
and Chang-Gursky-Yang [7]. For discussions on the renormalized volume of conformally
compact Einstein manifold, see for instance [1, 5, 6, 8, 10, 17].
In the paper, we calculate L4 for closed four dimensional submanifolds.
Proposition 1.3. Let Σ4 be a closed submanifold in (Md, g), we have
128L4 =
∫
Σ
(|∇⊥H|2 − gikgjl〈Aij ,H〉〈Akl,H〉+ 7
16
|H|4)dµg
+16
∫
Σ
[(gijP ij)
2 − gikgjlP ijP kl + gijgαβP iαP jβ − 1
d− 4g
ijBij]dµg(1.18)
+
∫
Σ
(−16gikgjlP ij〈Akl,H〉+ 5gijP ij|H|2 + 8P (H,H)− gijW iαjβHαHβ)dµg
−8
∫
Σ
gijHβ(∇βP ij − 2∇jP iβ)dµg,
where Bij is the Bach tensor of (M
d, g).
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When (Xd+1, g+) is the Poincare´ half-plane model with (M
d, g) = Rd, L4 is simplified
to
(1.19)
1
128
∫
Σ
(|∇⊥H|2 − gikgjl〈Aij ,H〉〈Akl,H〉+ 7
16
|H|4)dµg.
In the last part of the paper, we will consider the functional
(1.20) L4(Σ4) := 1
2
∫
Σ
(|∇⊥H|2 − gikgjl〈Aij ,H〉〈Akl,H〉+ 7
16
|H|4)dµg,
for closed four dimensional submanifolds Σ4 →֒ Rd. Guven [24] has constructed a bending
energy for closed four dimensional submanifolds immersed in R5, which is invariant under
special conformal transformations of R5 and reads
(1.21) H2 =
1
2
∫
Σ
(|∇H|2 + 2|A|2H2 − 7
8
|H|4)dµg.
Although L4 is not conformally invariant, the Euler-Lagrange equation of L4 is identically
the one of L4 if we fix the ambient space as the Euclidean space R
d. It was pointed out
by Graham in [14] that he and N. Reichert prove that the submanifold variation of Ln is
related to wn in (1.8).
In general, the functional L4 is unbounded from below and above even for closed four
dimensional submanifolds with a fixed topology. Let Sk(r) denote the round sphere in Rk+1
of radius r. Examples of critical points of L4 include S4, S3(1)× S1( 1√3), S3(1)× S1(
√
3
5),
S
2(1)×S2(1), S2(1)×S1( 1√
2
)×S1( 1√
2
), S2(1)×S1( 1√
2
)×S1( 3√
10
), S1(1)×S1(1)×S1(1)×S1(1),
and S1(1)× S1(1)× S1(1)× S1( 3√
5
). These are all the closed and four dimensional critical
points of L4 which is a product of round spheres.
The calculations in the paper are elementary. In Section 2, we give a brief recall of
conformally compact Einstein manifolds and minimal surfaces in conformally compact
Einstein manifolds. We identify the constituent components of u(4) for n ≥ 3 by using the
graphic minimal surface equation. In Section 3, we reformulate u(4) in a covariant form and
prove Proposition 1.1. In Section 4, we calculate the coefficient v(4) in (1.13) for n ≥ 4, from
which Proposition 1.3 follows so that we obtain Graham-Witten’s conformal invariant L4
for closed four dimensional submanfolds. In the last section, we consider Graham-Witten’s
conformal invariant for closed four dimensional submanifolds of Euclidean spaces and find
simple critical points of it.
Acknowledgements. The author would like to thank Professor Qing Han for his
stimulating talk which also brought the work [16] of Graham and Witten to his attention.
This work is completed when the author visits Princeton University. He would like to
thank the Department of Mathematics for its hospitality.
Notice. After the completion of the manuscript, we learn that, along with other
interesting results and discussions, u(4) and L4 have also been calculated by Graham and
Reichert [15]. The critical points contained in the paper have also been found in [15].
They point out that Guven’s functional H2 in (1.21) should actually be L4 in case of
(Md, g) = R5.
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2. Minimal submanifolds in conformally compact Einstein manifolds
In the first part of this section, referring mainly to [12, 16], we give a brief review to the
related aspects of conformally compact Einstein manifolds, and minimal submanifolds in
conformally compact Einstein manifolds. In the second part, we identify the constituent
components of u(4) from the graphic minimal surface equation of Y .
2.1. Minimal surfaces in a conformally compact Einstein manifold. Let X be
an (d + 1)-dimensional manifold with a d-dimensional boundary M . We call a function
r ∈ C∞(X) a defining function for M if it satisfies that r|X > 0, r|M = 0 and (dr)|M 6= 0.
A metric g+ defined on X is said to be conformally compact if r
2g+ extends to a metric on
X . Given a conformally compact manifold (X, g+), (r
2g+)|TM induces a conformal class
of metrics as r runs over the space of defining functions, called the conformal infinity of
(X, g+) and denoted by (M, [gconfinf ]). Let gc = r
2g+. The sectional curvature of (X, g+)
is asymptotic to −(|dr|2gc)|M , which is independent of the the choices of r, as r → 0.
If a conformally compact manifold (X, g+) satisfies Ricg+ = −dg+, (X, g+) is called
a conformally compact Einstein manifold. For a conformally compact Einstein metric
and any defining function r, |dr|2gc = 1 on M . Hence conformally compact Einstein
manifolds are asymptotic hyperbolic Einstein manifolds. From now on let (Xd+1, g+) be
a conformally compact Einstein manifold. For a conformally compact Einstein manifold
(X, g+), as indicated in the introduction, there is a one-to-one correspondence between
g ∈ [gconfinf ] and special defining functions defined near ∂X, and the identification (1.1)
ofM×[0, ǫ) with a neighborhood ofM in X so that g+ = r−2(dr2+g˜), where an expansion
of g˜ is given by (1.3) and (1.4) for d odd and even respectively. The determined coefficients
in these expansions can be calculated and are combinations of g and its derivatives, see
[9, 13]. For example, for d ≥ 3 one has
(2.1) g(2) = −P = − 1
d− 2[Ric−
R
2(d − 1)g],
here P is the Schouten tensor of g. It is well-known that
(2.2) RABCD =WABCD + PACgBD + PBDgAC − PADgBC − PBCgAD,
here W is the Weyl tensor of g. For d ≥ 5,
(2.3) g
(4)
CD =
1
4(4− d)BCD +
1
4
gEFPCEPDF ,
where
(2.4) BCD = ∆PCD −∇E∇DPCE + PEFWCEDF
is the Bach tensor of g.
Let (Xd+1, g+) be a conformally compact Einstein manifold and r a special defining
function such that gc|M = g. Now we consider a minimal surface Y n+1, 0 ≤ n ≤ d − 1,
of (X, g+) with the smooth boundary Σ
n ⊂Md. Near a point of Σ, let (xi, yα) be a local
coordinate chart as indicated in (1.6), which is extended into a neighborhood of the point
in X via the identification (1.1). The second fundamental form of Σ →֒ (M,g) is
(2.5) Aαij = g
αβg(∇i∂j , ∂β) = −1
2
gαβ∂βgij = Γ
α
ij.
GW CONFORMAL INVARIANT FOR CLOSED FOUR DIMENSIONAL SUBMANIFOLDS 7
We consider minimal surfaces Y in (X, g+) which may be written as a graph {yα =
uα(x, r)}. That is near the boundary, Y = (xi, uα(x, r), r). Let
(2.6) h = g+|Y , h = r2h = gc|Y = (dr2 + g˜)|Y ,
where g˜ is given by (1.2). Near the boundary, the tangent space of Y is spanned by
Yr = ∂r + u
γ
r∂γ ,
and
Yi = ∂i + u
γ
i ∂γ , i = 1, 2, · · · , n.
Then
hrr = h(Yr, Yr) = 1 + g˜αβu
α
r u
β
r ,
hir = h(Yi, Yr) = g˜iαu
α
r + g˜αβu
α
i u
β
r ,
and
hij = h(Yi, Yj) = g˜ij + g˜iαu
α
j + g˜jαu
α
i + g˜αβu
α
i u
β
j .
Graham and Witten [16] showed that the graphic minimal surface equation of Y is
M(u) = 0,
where
M(u)γ = [r∂r − (n+ 1) + 1
2
r∂rL][h
rr
g˜βγu
β
r + h
ir
(g˜iγ + g˜βγu
β
i )]
+r[∂j +
1
2
∂jL][h
rj
g˜βγu
β
r + h
ij
(g˜iγ + g˜βγu
β
i )]
−1
2
rh
ij
[∂γ g˜ij + 2∂γ g˜iαu
α
j + ∂γ g˜αβu
α
i u
β
j ](2.7)
−rhir[∂γ g˜iαuαr + ∂γ g˜αβuαi uβr ]
−1
2
rh
rr
∂γ g˜αβu
α
r u
β
r ,
and
(2.8) L = log deth.
By the choice of the local coordinates (xi, yα) on M , we have u(x, 0) = 0. Graham and
Witten [16] found that at r = 0,
(2.9) ur = 0,
which means that Y intersects with M orthogonally; and for n ≥ 1
(2.10) uαrr = −
1
2n
gijgαβ∂βgij =
1
n
Hα,
here H is the mean curvature of Σ →֒ (M,g). The expansion of the height functions u in
r, up to a critical order, takes the form of (1.7) for n odd and of (1.8) for n even. Namely,
for n odd
u = u(2)r2 + (even powers) + u(n+1)rn+1 + u(n+2)rn+2 + · · · ,
and for n even
u = u(2)r2 + (even powers) + u(n)rn + wnr
n+2 log r + u(n+2)rn+2 + · · · ,
where u(k), k < n+ 2, and wn are locally determined functions of Σ.
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2.2. Coefficient u(4) in (1.7) and (1.8) for n ≥ 3. For n ≥ 3, let
(2.11) u = vr2 + wr4 +O(r5),
where, it follows from (2.10),
(2.12) vα =
1
2n
Hα.
It follows from (2.8) that
∂rL = O(r).
Note that
hir = O(r
3), h
ir
= O(r3),
g˜iα = O(r
2), uβr = O(r), u
β
i = O(r
2),
and the fact that the coefficient w in (2.11) can be derived by tracing the coefficient of r3
in (2.7). First, we have
M(u)γ = [r∂r − (k + 1)](hrrg˜βγuβr ) +
1
2
r∂rLh
rr
g˜βγu
β
r(2.13)
+r∂j[h
ij
(g˜iγ + g˜βγu
β
i )] +
1
2
r∂jLh
ij
(g˜iγ + g˜βγu
β
i )(2.14)
−1
2
rh
ij
∂γ g˜ij − rhij∂γ g˜iαuαj −
1
2
rh
rr
∂γ g˜αβu
α
r u
β
r(2.15)
+o(r3).
Lemma 2.1. For the right hand side of (2.13), we have
[r∂r − (n+ 1)](hrrg˜βγuβr ) +
1
2
r∂rLh
rr
g˜βγu
β
r
= −2nrgβγvβ − (n − 2)(2g(2)βγ vβ + 2∂αgβγvαvβ + 4gβγwβ)r3(2.16)
+r3[−8|v|2gβγvβ + 2gijg(2)ij gβγvβ ] + o(r3).
Proof. Note that
h
rr
= 1− 4|v|2r2 + o(r2).
Hence
h
rr
g˜βγu
β
r = (1− 4|v|2r2)(gβγ + r2g(2)βγ + r2∂αgβγvα)(2rvβ + 4r3wβ) + o(r3)
= 2rgβγv
β + (−8|v|2gβγvβ + 2g(2)βγ vβ + 2∂αgβγvαvβ + 4gβγwβ)r3 + o(r3).
Therefore,
[r∂r − (n+ 1)](hrrg˜βγuβr ) = −2nrgβγvβ
−(n− 2)(−8|v|2gβγvβ + 2g(2)βγ vβ + 2∂αgβγvαvβ + 4gβγwβ)r3 + o(r3).(2.17)
Note that
∂rL = h
rr
∂rhrr + h
ij
∂rhij + o(r)
= 8rgαβv
αvβ + gij(2rg
(2)
ij + 2rg
ij∂αgijv
α) + o(r)
= r[(8− 8n)|v|2 + 2gijg(2)ij ] + o(r),
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where in the last equality we used (2.5) and (2.12). Hence
(2.18)
1
2
r∂rLh
rr
g˜βγu
β
r = r
3[(8− 8n)|v|2 + 2gijg(2)ij ]gβγvβ + o(r3).
(2.16) then follows from (2.17) and (2.18). ✷
Lemma 2.2. For (2.14), we have
r∂j [h
ij
(g˜iγ + g˜βγu
β
i )] +
1
2
r∂jLh
ij
(g˜iγ + g˜βγu
β
i )
= r3gij [∂jg
(2)
iγ + ∂j∂βgiγv
β + ∂βgiγv
β
j + ∂jgβγv
β
i + gβγ∂jv
β
i ](2.19)
−r3gklΓikl(g(2)iγ + ∂βgiγvβ + gβγvβi ) + o(r3).
Proof. It is easy to see that
r∂j[h
ij
(g˜iγ + g˜βγu
β
i )] = −r3gikgjl∂jgkl(g(2)iγ + ∂βgiγvβ + gβγvβi )
+rgij∂j g˜iγ + r
3gij(∂jgβγv
β
i + gβγ∂jv
β
i ) + o(r
3).
It then follows from
∂j g˜iγ = r
2(∂jg
(2)
iγ + ∂j∂βgiγv
β + ∂βgiγv
β
j ) + o(r
2)
that
r∂j [h
ij
(g˜iγ + g˜βγu
β
i )] = −r3gikgjl∂jgkl(g(2)iγ + ∂βgiγvβ + gβγvβi )
+r3gij [∂jg
(2)
iγ + ∂j∂βgiγv
β + ∂βgiγv
β
j + ∂jgβγv
β
i + gβγ∂jv
β
i ] + o(r
3).(2.20)
It is easy to see that
1
2
r∂jLh
ij
(g˜iγ + g˜βγu
β
i )
=
1
2
r3gijgkl∂jgkl(g
(2)
iγ + ∂βgiγv
β + gβγv
β
i ) + o(r
3).(2.21)
(2.19) then follows from (2.20) and (2.21). ✷
Lemma 2.3. For (2.15), we have
−1
2
rh
ij
∂γ g˜ij − rhij∂γ g˜iαuαj −
1
2
rh
rr
∂γ g˜αβu
α
r u
β
r
= 2nrgβγv
β + [−1
2
gij∂γg
(2)
ij −
1
2
gij∂γ∂βgijv
β − gikgjlg(2)kl Aβijgβγ ]r3(2.22)
+2r3gikgjl〈Akl, v〉Aβijgβγ + r3[−gij∂γgiαvαj − 2∂γgαβvαvβ] + o(r3).
Proof. It is clear that we have
h
ij
= gij − gikgjl(g(2)kl + ∂αgklvα)r2 + o(r2),
and
∂γ g˜ij = ∂γgij + r
2(∂γg
(2)
ij + ∂γ∂βgijv
β) + o(r2).
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Hence by using (2.5), we get
−1
2
rh
ij
∂γ g˜ij = 2nrgβγv
β
+[−1
2
gij∂γg
(2)
ij −
1
2
gij∂γ∂βgijv
β − gikgjlg(2)kl Aβijgβγ ]r3(2.23)
+2r3gikgjl〈Akl, v〉Aβijgβγ + o(r3).
On the other hand, it’s easy to see that
−rhij∂γ g˜iαuαj −
1
2
rh
rr
∂γ g˜αβu
α
r u
β
r
= r3[−gij∂γgiαvαj − 2∂γgαβvαvβ] + o(r3).(2.24)
(2.22) then follows from (2.23) and (2.24). ✷
Putting (2.16) (2.19) and (2.22) together, we get the following
Corollary 2.1. For n ≥ 3, we have
M(u)γ = −(n− 2)(2g(2)βγ vβ + 2∂αgβγvαvβ + 4gβγwβ)r3
+r3[−8|v|2gβγvβ + 2gijg(2)ij gβγvβ]
+r3gij [∂jg
(2)
iγ + ∂j∂βgiγv
β + ∂βgiγv
β
j + ∂jgβγv
β
i + gβγ∂jv
β
i ]
−r3gklΓikl(g(2)iγ + ∂βgiγvβ + gβγvβi )(2.25)
+[−1
2
gij∂γg
(2)
ij −
1
2
gij∂γ∂βgijv
β − gikgjlg(2)kl Aβijgβγ ]r3
+2r3gikgjl〈Akl, v〉Aβijgβγ + r3[−gij∂γgiαvαj − 2∂γgαβvαvβ] + o(r3).
Note that
w = u(4),
so we have
Proposition 2.4. Let Y n+1, n ≥ 3, be a minimal surface in (Xd+1, g+). Then
4(n− 2)gβγu(4)β = −2(n− 2)g(2)βγ vβ − 8|v|2gβγvβ + 2gijg(2)ij gβγvβ
−gikgjlg(2)kl Aβijgβγ + 2gikgjl〈Akl, v〉Aβijgβγ(2.26)
+Qγ ,
where
Qγ = g
ij [∂jg
(2)
iγ + ∂j∂βgiγv
β + ∂βgiγv
β
j + ∂jgβγv
β
i − ∂γgiαvαj + gβγ∂jvβi ]
−gklΓikl(g(2)iγ + ∂βgiγvβ + gβγvβi )
−1
2
gij∂γg
(2)
ij −
1
2
gij∂γ∂βgijv
β(2.27)
−2(n − 2)∂αgβγvαvβ − 2∂γgαβvαvβ.
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3. Proof of Proposition 1.1
Assume n ≥ 3. In this section, we will reformulate Qγ to get the expression of u(4), as
given by (1.10). Let
Qα = gαγQγ .
It follows from (2.27) that
4(n − 2)u(4)α = −2(n− 2)gαγg(2)βγ vβ − 8|v|2vα + 2gijg(2)ij vα
−gikgjlg(2)kl Aαij + 2gikgjl〈Akl, v〉Aαij +Qα,(3.1)
where
Qα = Iα + IIα,
and
Iα = gij [∂jv
α
i −
1
2
gαγ∂γ∂βgijv
β + gαγ∂j∂βgiγv
β ] + 2gijΓ
α
iβv
β
j
−2(n− 2)gαγ∂βgηγvβvη − 2gαγ∂γgβηvβvη(3.2)
−gαγgklΓikl(∂βgiγvβ + gβγvβi ),
IIα = gijgαγ [−1
2
∂γg
(2)
ij + ∂jg
(2)
iγ − Γkijg(2)kγ ].
We first compute IIα.
Lemma 3.1. We have
IIα = −1
2
gαγgij(∇γg(2)ij − 2∇ig(2)jγ ) + gαγHβg(2)βγ .(3.3)
Proof. Let D range from 1 to d so that for ∂D = ∂i for D = i ≤ n and ∂D = ∂α for
D = α ≥ n+ 1. We have
∂γg
(2)
ij − ∂jg(2)iγ − ∂ig(2)jγ
= (∇γg(2)ij + Γ
D
γig
(2)
Dj + Γ
D
γjg
(2)
iD )− (∇jg(2)iγ + Γ
D
jig
(2)
Dγ + Γ
D
jγg
(2)
iD )
−(∇ig(2)jγ + Γ
D
ijg
(2)
Dγ + Γ
D
iγg
(2)
jD)
= ∇γg(2)ij −∇jg(2)iγ −∇ig(2)jγ − 2Γ
D
ijg
(2)
Dγ .(3.4)
Hence by using (2.5), we get
IIα = gijgαγ [−1
2
∂γg
(2)
ij + ∂jg
(2)
iγ − Γkijg(2)kγ ]
= −1
2
gαγgij(∇γg(2)ij − 2∇ig(2)jγ ) + gαγgijΓ
D
ijg
(2)
Dγ − gαγgijΓkijg(2)kγ
= −1
2
gαγgij(∇γg(2)ij − 2∇ig(2)jγ ) + gαγHβg(2)βγ .
✷
We now deal with Iα.
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Lemma 3.2. We have
∂jv
α
i = ∇⊥j ∇⊥i vα − gkl〈Aik, v〉Aαjl − vβi Γ
α
jβ − vβj Γ
α
iβ + v
α
kΓ
k
ij
−vβ(∂jΓαiβ + ΓγiβΓαjγ + ΓkiβΓαjk − ΓkijΓαkβ).(3.5)
Proof. Let A,B,C,D = {i, α} = 1, 2, · · · , d. Let X⊥ denote the normal part of X and
∇⊥ the covariant differentiation with respect to the normal connection. We have
∇iv = ∂ivα∂α + vβΓAiβ∂A
= (vαi + v
βΓ
α
iβ)∂α + v
βΓ
k
iβ∂k.
Then
(∇j∇iv)⊥ = [∇j(∇iv)]⊥ − Γkij∇⊥k v
= ∂j(v
α
i + v
βΓ
α
iβ)∂α + v
β
i Γ
α
jβ∂α + v
βΓ
D
iβΓ
α
Dj∂α − Γkij∇⊥k v
= (∂jv
α
i + v
β
i Γ
α
jβ + v
β
j Γ
α
iβ − vαkΓkij)∂α
+vβ(∂jΓ
α
iβ + Γ
D
iβΓ
α
Dj − ΓkijΓαkβ)∂α.
On the other hand,
∇⊥j ∇⊥i v = [∇j(∇⊥i v)]⊥ − Γkij∇⊥k v
= [∇j(∇iv)]⊥ + gkl〈Aik, v〉Ajl − Γkij∇⊥k v
= (∇j∇iv)⊥ + gkl〈Aik, v〉Ajl.
Therefore, (3.5) follows from
∇⊥j ∇⊥i v = (∂jvαi + vβi Γ
α
jβ + v
β
j Γ
α
iβ − vαkΓkij)∂α
+vβ(∂jΓ
α
iβ + Γ
D
iβΓ
α
Dj − ΓkijΓαkβ)∂α
+gkl〈Aik, v〉Ajl.
✷
Lemma 3.3. We have
gij [−1
2
gαγ∂γ∂βgijv
β + gαγ∂j∂βgiγv
β ]
= gijvβ∂βΓ
α
ij + g
ijΓlijg
αξvβ∂βglξ + 2ng
αξvβvη∂βgξη.(3.6)
Proof. Note that
Γ
α
ij =
1
2
gαγ(∂igjγ + ∂jgiγ − ∂γgij) +
1
2
gαk(∂igjk + ∂jgik − ∂kgij),
hence
gij [−1
2
gαγ∂γ∂βgijv
β + gαγ∂j∂βgiγv
β]
= gijvβ(∂β [g
αγ(−1
2
∂γgij + ∂jgiγ)]− ∂βgαγ(−
1
2
∂γgij + ∂jgiγ))
= gijvβ(∂β [Γ
α
ij −
1
2
gαk(∂igjk + ∂jgik − ∂kgij)]− ∂βgαγ(−
1
2
∂γgij + ∂jgiγ)).
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Note that on Σn
gαk = 0,
hence we have
gij [−1
2
gαγ∂γ∂βgijv
β + gαγ∂j∂βgiγv
β]
= gijvβ∂βΓ
α
ij −
1
2
gijvβ∂βg
αk(∂igjk + ∂jgik − ∂kgij)
−gijvβ∂βgαγ(−1
2
∂γgij + ∂jgiγ)
= gijvβ∂βΓ
α
ij +
1
2
gijvβgαξgkl∂βglξ(∂igjk + ∂jgik − ∂kgij)
+gijvβgαξgγη∂βgξη(−
1
2
∂γgij + ∂jgiγ)
= gijvβ∂βΓ
α
ij + g
ijvβgαξΓlij∂βglξ + g
ijvβgαξΓ
η
ij∂βgξη.
It then follows from (2.5) and (2.12) that
gij [−1
2
gαγ∂γ∂βgijv
β + gαγ∂j∂βgiγv
β ]
= gijvβ∂βΓ
α
ij + g
ijΓlijg
αξvβ∂βglξ + 2ng
αξvβvη∂βgξη.
That is (3.6). ✷
Lemma 3.4.
Iα = ∆⊥vα − gijgkl〈Aik, v〉Aαjl + gijgαγvβRiβjγ + (4− 2n)vβvηΓ
α
βη.(3.7)
Proof. It follows from (3.2), (3.5) and (3.6) that
Iα = ∆⊥vα − gijgkl〈Aik, v〉Aαjl
−gijvβ [∂jΓαiβ − ∂βΓαij + ΓγiβΓαjγ + ΓkiβΓαjk − ΓkijΓαkβ](3.8)
+4gαγ∂βgηγv
βvη − 2gαγ∂γgβηvβvη.
Note that
gαηRjβηi = g
αη〈∇j∇β∂i −∇β∇j∂i, ∂η〉
= ∂jΓ
α
βi + Γ
γ
βiΓ
α
jγ + Γ
k
βiΓ
α
jk − ∂βΓαij − ΓkijΓαβk − ΓγijΓαβγ .(3.9)
(3.7) then follows from (3.8) and (3.9). ✷
Proposition 3.5. Let Y n+1, n ≥ 3, be a minimal surface in (Xd+1, g+) and of the form
Y = (x, u(x, r), r) near the boundary of X, where
u(x, r) =
1
2n
H(x)r2 + u(4)(x)r4 + · · ·
Then we have
8n(n− 2)u(4)α = ∆⊥Hα + gijgkl〈Aik,H〉Aαjl −
2
n2
|H|2Hα
+gijgαγHβRiβjγ + 4g
αγg
(2)
βγH
β + 2gijg
(2)
ij H
α − 2ngikgjlg(2)kl Aαij(3.10)
−ngαγgij(∇γg(2)ij − 2∇ig(2)jγ )−
n− 2
n
HβHηΓ
α
βη.
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Proof. It follows from (3.1), (3.7) and (3.3) that
4(n− 2)u(4)α = −2(n− 2)gαγg(2)βγ vβ − 8|v|2vα + 2gijg(2)ij vα
−gikgjlg(2)kl Aαij + 2gikgjl〈Akl, v〉Aαij
+∆⊥vα − gijgkl〈Aik, v〉Aαjl + gijgαγvβRiβjγ + (4− 2n)vβvηΓ
α
βη
−1
2
gαγgij(∇γg(2)ij − 2∇ig(2)jγ ) + gαγHβg(2)βγ .
Using (2.12), we get (3.10). ✷
Substituting g(2) = −P and using (2.2), one gets (1.10). For n = 2, similar calculations
imply the following
Proposition 3.6. Let Y 3 be a minimal surface in (Xd+1, g+) and of the form Y =
(x, u(x, r), r) near the boundary of X, where
u(x, r) =
1
4
H(x)r2 + w2(x)r
4 log r + u(4)(x)r4 + · · ·
Then we have
−16wα2 (x) = ∆⊥Hα + gijgkl〈Aik,H〉Aαjl −
1
2
|H|2Hα
+gijgαγHβW iβjγ − 2gαγP βγHβ − gijP ijHα + 4gikgjlP klAαij(3.11)
+2gαγgij(∇γP ij − 2∇iP jγ).
4. Proof of Proposition 1.3
In this section we prove Proposition 1.3. Namely, we calculate Graham-Witten’s con-
formal invariant L4 for closed four dimensional submanifolds. The volume form and the
volume expansion of the minimal surface Y n+1 →֒ (Xd+1, g+) are given by [16]
(4.1) dµY = r
−n−1
√
dethdxdr = r−n−1[v(0)+v(2)r2+(even powers)+v(n)rn+· · · ]dµΣdr,
and for n even
(4.2) V olg+(Y ∩ {r > ǫ}) = c0ǫ−n + (even powers) + cn−2ǫ−2 + Ln log
1
ǫ
+ cn + o(1),
where
(4.3) Ln =
∫
Σn
v(n)dµΣ
is invariant under conformal transformations of (Md, g).
Let n ≥ 4 and
uα(x, r) = vα(x)r2 + wα(x)r4 + · · ·
where v(x) = 12nH and w = u
(4) is given by (3.10). We now compute v(4) in (4.1). Recall
that
hrr = h(Yr, Yr) = 1 + g˜αβu
α
r u
β
r ,
hir = h(Yi, Yr) = g˜iαu
α
r + g˜αβu
α
i u
β
r ,
and
hij = h(Yi, Yj) = g˜ij + g˜iαu
α
j + g˜jαu
α
i + g˜αβu
α
i u
β
j .
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Hence
hrr = 1 + u
α
r u
β
r g˜αβ
= 1 + (2rvα + 4r3wα)(2rvβ + 4r3wβ)(gαβ + g
(2)
αβ r
2 + ∂γgαβv
γr2) + o(r4)
= 1 + 4r2|v|2 + 4r4(vαvβg(2)αβ + vαvβvγ∂γgαβ + 4vαwβgαβ) + o(r4),
hir = g˜iαu
α
r + u
α
i u
β
r g˜αβ
= 2rvα(g
(2)
iα r
2 + ∂γgiαv
γr2) + vαi r
22vβrgαβ + o(r
3)
= 2r3vα(g
(2)
iα + ∂γgiαv
γ + vβi gαβ) + o(r
3),
and
hij = g˜ij + g˜iαu
α
j + g˜jαu
α
i + g˜αβu
α
i u
β
j
= gij + (g
(2)
ij + ∂γgijv
γ)r2 + r4(g
(4)
ij + ∂βg
(2)
ij v
β + ∂γgijw
γ +
1
2
∂β∂γgijv
βvγ)
+r4(g
(2)
iα + ∂γgiαv
γ)vαj + r
4(g
(2)
jα + ∂γgjαv
γ)vαi + r
4gαβv
α
i v
β
j + o(r
4).
We rewrite the above as
hrr = 1 + ar
2 + br4,
hir = air
3,
hij = gij + aijr
2 + bijr
4,
where
a = 4|v|2,
b = 4(vαvβg
(2)
αβ + v
αvβvγ∂γgαβ + 4〈v,w〉),
ai = 2v
α(g
(2)
iα + ∂γgiαv
γ + vβi gαβ),
aij = g
(2)
ij − 2〈Aij , v〉,
bij = g
(4)
ij − 2〈Aij , w〉+ ∂βg(2)ij vβ + vαi g(2)jα + vαj g(2)iα
+gαβv
α
i v
β
j +
1
2
∂β∂γgijv
βvγ + ∂γgiαv
γvαj + ∂γgjαv
γvαi .
Let A = (aij), B = (bij). Then
deth = (1 + ar2 + br4) det(hij) + o(r
4)
= det(hij) + ar
2 det(gij + aijr
2) + br4 det(gij) + o(r
4)
= det(hij) + ar
2 det(gij)(1 + g
ijaijr
2) + br4 det(gij) + o(r
4).
Note that
det(hij) = det(gij)[1 + g
ijaijr
2 + (gijbij + σ2(g
−1A))r4] + o(r4).
Therefore,
det h = det(gij)(1 + Cr
2 +Dr4) + o(r4),
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where
C = a+ gijaij ,
D = atr(g−1A) + σ2(g−1A) + b+ tr(g−1B).
Then
dµY = r
−(n+1)
√
det hdxdr
= r−(n+1)(1 +
C
2
r2 +
1
2
(D − C
2
4
)r4 + o(r4))dµΣdr,(4.4)
and the coefficient v(4) in (4.1) is
(4.5) v(4) =
1
2
(D − C
2
4
).
Proposition 4.1. Let Y n+1, n ≥ 4, be a minimal surface in (Xd+1, g+). Then we have
2v(4) = 4|v|2(gijg(2)ij − 4n|v|2) +
1
2
(gijg
(2)
ij − 4n|v|2)2 −
1
2
|g(2)ij − 2〈Aij , v〉|2g
−1
4
(gijg
(2)
ij − 4(n− 1)|v|2)2 + 4g(2)αβ vαvβ − 4(n − 4)〈v,w〉 + gijg(4)ij(4.6)
+I + II,
where
(4.7) I := gijgαβv
α
i v
β
j +
1
2
gij∂β∂γgijv
βvγ + 2gij∂γgiαv
γvαj + 4v
αvβvγ∂γgαβ ,
and
II := gij(∂βg
(2)
ij v
β + 2g
(2)
iα v
α
j ).(4.8)
We first deal with (4.8).
Lemma 4.2. We have
II = gijvβ(∇βg(2)ij − 2∇jg(2)iβ )− 4ng(2)αβ vαvβ + 2gij∇j(vβg(2)iβ ).(4.9)
Proof. Note that
gij∇j(vβg(2)iβ ) = gij [∂j(vβg(2)iβ )− Γkijvβg(2)kβ ]
= gijvβj g
(2)
iβ + g
ijvβ∂jg
(2)
iβ − gijΓkijvβg(2)kβ ,
hence
gij(∂βg
(2)
ij v
β + 2g
(2)
iβ v
β
j )− 2gij∇j(vβg(2)iβ )
= gijvβ(∂βg
(2)
ij − 2∂jg(2)iβ + 2Γkijg(2)kβ )
= gijvβ(∂βg
(2)
ij − ∂jg(2)iβ − ∂ig(2)jβ + 2Γkijg(2)kβ ).
As we have shown in (3.4), we have
∂βg
(2)
ij − ∂jg(2)iβ − ∂ig
(2)
jβ = ∇βg
(2)
ij −∇jg(2)iβ −∇ig
(2)
jβ − 2Γ
D
ijg
(2)
Dβ.
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Therefore,
gij(∂βg
(2)
ij v
β + 2g
(2)
iβ v
β
j )− 2gij∇j(vβg(2)iβ )
= gijvβ(∇βg(2)ij − 2∇jg(2)iβ − 2Γ
D
ijg
(2)
Dβ + 2Γ
k
ijg
(2)
kβ )
= gijvβ(∇βg(2)ij − 2∇jg(2)iβ − 2Γ
α
ijg
(2)
αβ )
= gijvβ(∇βg(2)ij − 2∇jg(2)iβ )− 2Hαvβg
(2)
αβ .
✷
Lemma 4.3. We have
I = −〈∆⊥v, v〉 + gijgkl〈Aik, v〉〈Ajl, v〉 − gijvαvβRiαjβ(4.10)
−2(n− 4)gαξvξvβvγΓαβγ + gij∇j(gαβvαi vβ + ∂αgiβvαvβ).
Proof. Note that
gijgαβv
α
i v
β
j = g
ij∇j(gαβvαi vβ) + gijΓkijgαβvαk vβ − gij∂jgαβvαi vβ − gijgαβ∂jvαi vβ.
It then follows from (3.5):
∂jv
α
i = ∇⊥j ∇⊥i vα − gkl〈Aik, v〉Aαjl − vβi Γ
α
jβ − vβj Γ
α
iβ + v
α
kΓ
k
ij
−vβ(∂jΓαiβ + ΓγiβΓαjγ + ΓkiβΓαjk − ΓkijΓαkβ)
and (4.7):
I = gijgαβv
α
i v
β
j +
1
2
gij∂β∂γgijv
βvγ + 2gij∂γgiαv
γvαj + 4v
αvβvγ∂γgαβ ,
that
I = −〈∆⊥v, v〉 + gijgkl〈Aik, v〉〈Ajl, v〉 + gij∇j(gαβvαi vβ)
+
1
2
gij∂β∂γgijv
βvγ + 2gij∂γgiαv
γvαj + 4v
αvβvγ∂γgαβ − gij∂jgαβvαi vβ
+gijgαξv
ξ[2vβi Γ
α
jβ + v
β(∂jΓ
α
iβ + Γ
γ
iβΓ
α
jγ + Γ
k
iβΓ
α
jk − ΓkijΓαkβ)]
Note that
2gij∂γgiαv
γvαj − gij∂jgαβvαi vβ + 2gijgαξvξvβi Γ
α
jβ
= gijvαi v
γ [2∂γgjα − ∂jgαγ + 2gβγΓβjα]
= gijvαi v
γ [∂γgjα + ∂αgjγ ]
= gij∂γgjα∂i(v
αvγ)
= gij∇i(∂γgjαvαvγ) + gijΓkij∂γgkαvαvγ − gij∂i∂γgjαvαvγ .
Hence
I = −〈∆⊥v, v〉+ gijgkl〈Aik, v〉〈Ajl, v〉+ gij∇j(gαβvαi vβ + ∂γgiαvαvγ)
+
1
2
gij∂β∂γgijv
βvγ − gij∂j∂γgiβvβvγ + gijΓkij∂γgkαvαvγ + 4vαvβvγ∂γgαβ
+gijgαξv
ξvβ(∂jΓ
α
iβ + Γ
γ
iβΓ
α
jγ + Γ
k
iβΓ
α
jk − ΓkijΓαkβ).
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Recall (3.6):
gij [−1
2
gαγ∂γ∂βgijv
β + gαγ∂j∂βgiγv
β ]
= gijvβ∂βΓ
α
ij + g
ijΓlijg
αξvβ∂βglξ + 2ng
αξvβvη∂βgξη,
hence
1
2
gij∂β∂γgijv
βvγ − gij∂j∂γgiβvβvγ
= −gαζvζgij [−
1
2
gαγ∂γ∂βgijv
β + gαγ∂j∂βgiγv
β ]
= −gijgαξvξvβ∂βΓαij − gijΓlijvξvβ∂βglξ − 2nvξvβvη∂βgξη.
Then
I = −〈∆⊥v, v〉 + gijgkl〈Aik, v〉〈Ajl, v〉+ gij∇j(gαβvαi vβ + ∂γgiαvαvγ)
+gijgαξv
ξvβ(∂jΓ
α
iβ + Γ
γ
iβΓ
α
jγ + Γ
k
iβΓ
α
jk − ∂βΓαij − ΓkijΓαkβ)
+(4− 2n)vαvβvγ∂γgαβ .
Recall (3.9):
gαηRjβηi = ∂jΓ
α
βi + Γ
γ
βiΓ
α
jγ + Γ
k
βiΓ
α
jk − ∂βΓαij − ΓkijΓαβk − ΓγijΓαβγ ,
and Γ
γ
ij = A
γ
ij , H
γ = 2nvγ , so we have
I = −〈∆⊥v, v〉 + gijgkl〈Aik, v〉〈Ajl, v〉+ gij∇j(gαβvαi vβ + ∂γgiαvαvγ)
−gijvαvβRiαjβ − 2(n − 4)gαξvξvβvγΓαβγ .
✷
It follows from (4.6), (4.10) and (4.9) the following
Proposition 4.4. Let Y n+1, n ≥ 4, be a minimal surface in (Xd+1, g+). The coefficient
v(4) in (4.1) is given by
2v(4) = −〈∆⊥v, v〉 − gikgjl〈Aij , v〉〈Akl, v〉+ 4(n2 − 2n− 1)|v|4
+
1
4
(gijg
(2)
ij )
2 − 1
2
|g(2)ij |2g + gijg(4)ij
+2gikgjlg
(2)
ij 〈Akl, v〉 − 2(n− 1)gijg(2)ij |v|2 − 4(n− 1)g(2)αβ vαvβ − gijRiαjβvαvβ
+gijvβ(∇βg(2)ij − 2∇ig(2)jβ )(4.11)
−4(n− 4)〈v,w〉 − 2(n − 4)gαξvξvβvγΓαβγ
+gij∇j(gαβvαi vβ + ∂αgiβvαvβ + 2g(2)iα vα),
where v = 12nH and w = u
(4) is given by (3.10).
Notice that the second last line in (4.11) vanishes for n = 4 and for n ≥ 5 the part
involving Γ cancels. Note also that the last line is a divergence which is independent of
the choice of local coordinates (xi, yα). By integrating (4.11) over a closed submanifold
Σ4 and using (2.1), (2.2) and (2.3), we obtain the expression (1.18) of Graham-Witten’s
conformal invariant L4.
GW CONFORMAL INVARIANT FOR CLOSED FOUR DIMENSIONAL SUBMANIFOLDS 19
5. L4 for closed submanifolds of Euclidean spaces
In this section, we assume n = 4, d ≥ 5 and the ambient space is (Md, g) = Rd. It
follows from (1.18) that
128L4 =
∫
Σ
(|∇⊥H|2 − gikgjl〈Aij ,H〉〈Akl,H〉+ 7
16
|H|4)dµg.
We now consider the following functional for closed four dimensional submanifolds F :
Σ→ Rd
L4(Σ4) = 1
2
∫
Σ
(|∇⊥H|2 − gikgjl〈Aij ,H〉〈Akl,H〉+ 7
16
|H|4)dµg.
In the sequel we use local coordinates (xi) of Σ which is normal at the point of consideration
with respect to the induced metric
gij := 〈Fi, Fj〉.
Proposition 5.1. F : Σ4 →֒ Rd is a critical point of L4 if and only if
(5.1) E = 0,
where
E = ∆⊥(∆⊥H + 〈Aij ,H〉Aij − 7
8
|H|2H)
+〈∆⊥H,Aij〉Aij+ < ∆⊥H,H > H − 〈∇⊥i H,∇⊥j H〉Aij +
3
2
|∇⊥H|2H
+2〈Aij ,H〉∆⊥Aij + 2〈Aij ,∇⊥i H〉∇⊥j H + 3〈H,∇⊥i H〉∇⊥i H
−〈Aij,H〉〈Ajk,H〉Aik − 1
2
〈Aij ,H〉〈Aij ,H〉H + 3〈Aij ,H〉〈Aij , Akl〉Akl(5.2)
−7
8
|H|2〈Aij ,H〉Aij + 7
32
|H|4H
−2〈Aij ,H〉〈Aik, Ajl〉Akl + 2〈Aij ,H〉〈Aik, Akl〉Ajl.
Proof. Let X ∈ T⊥Σ be a variation field. One has
δgij = −2〈Aij ,X〉,
δAij = ∇⊥i ∇⊥j X − 〈Ajk,X〉Aik − 〈Aij ,∇⊥kX〉Fk,
δH = ∆⊥X + 〈Akl,X〉Akl − 〈H,∇⊥kX〉Fk,
and
[δ∇⊥i H]⊥ = ∇⊥i (∆⊥X + 〈Akl,X〉Akl)− 〈H,∇⊥kX〉Aik + 〈Aik,H〉∇⊥k X.
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Hence
δ
∫
Σ
|∇⊥H|2gdµg
=
∫
Σ
(2〈Aij ,X〉〈∇⊥i H,∇⊥j H〉 − |∇⊥H|2〈H,X〉)dµ
+
∫
Σ
2〈∇⊥i (∆⊥X + 〈Akl,X〉Akl)− 〈H,∇⊥k X〉Aik + 〈Aik,H〉∇⊥kX,∇⊥i H〉dµ
=
∫
Σ
〈−2(∆⊥)2H − 2〈∆⊥H,Aij〉Aij + 2〈∇⊥i H,∇⊥j H〉Aij − |∇⊥H|2H,X〉dµ
+
∫
Σ
2〈∇⊥k (〈Aik,∇⊥i H〉H − 〈Aik,H〉∇⊥i H),X〉dµ.
We then compute
δ
∫
Σ
(−gikgjl〈Aij ,H〉〈Akl,H〉)dµg
=
∫
Σ
〈−4〈Aij ,H〉〈Ajk,H〉Aik + 〈Aij ,H〉〈Aij ,H〉H,X〉dµ
−2
∫
Σ
〈Aij ,H〉〈∇⊥i ∇⊥j X − 〈Ajk,X〉Aik,H〉dµ
−2
∫
Σ
〈Aij ,H〉〈Aij ,∆⊥X + 〈Akl,X〉Akl〉dµ
=
∫
Σ
〈−2∇⊥j ∇⊥i (〈Aij ,H〉H) − 2∆⊥(〈Aij ,H〉Aij),X〉dµ
+
∫
Σ
〈−2〈Aij ,H〉〈Ajk,H〉Aik + 〈Aij ,H〉〈Aij ,H〉H − 2〈Aij ,H〉〈Aij , Akl〉Akl,X〉dµ,
and
δ
∫
Σ
7
16
|H|4dµg =
∫
Σ
7
4
|H|2〈H,∆⊥X + 〈Aij ,X〉Aij〉dµ−
∫
Σ
7
16
|H|4〈H,X〉dµ
=
∫
Σ
〈7
4
∆⊥(|H|2H) + 7
4
|H|2〈Aij ,H〉Aij − 7
16
|H|4H,X〉dµ.
Therefore
δL4(X) = −
∫
Σ
〈E ,X〉dµ,(5.3)
where
E = (∆⊥)2H + 〈∆⊥H,Aij〉Aij − 〈∇⊥i H,∇⊥j H〉Aij +
1
2
|∇⊥H|2H
−∇⊥k (〈Aik,∇⊥i H〉H) +∇⊥k (〈Aik,H〉∇⊥i H)
+∇⊥i ∇⊥j (〈Aij ,H〉H) + ∆⊥(〈Aij ,H〉Aij)−
7
8
∆⊥(|H|2H)
+〈Aij ,H〉〈Ajk,H〉Aik − 1
2
〈Aij ,H〉〈Aij ,H〉H + 〈Aij ,H〉〈Aij , Akl〉Akl
−7
8
|H|2〈Aij ,H〉Aij + 7
32
|H|4H.
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Note that
−∇⊥k (〈Aik,∇⊥i H〉H) +∇⊥k (〈Aik,H〉∇⊥i H) +∇⊥i ∇⊥j (〈Aij ,H〉H)
= 2〈Aij ,H〉∇⊥i ∇⊥j H + 2〈Aij ,∇⊥i H〉∇⊥j H + 3〈H,∇⊥i H〉∇⊥i H
+〈∆⊥H,H〉H + |∇⊥H|2H,
and
∇⊥i ∇⊥j H = ∆⊥Aij + 〈Aij , Akl〉Akl − 〈Aik, Ajl〉Akl + 〈Aik, Akl〉Ajl − 〈Aik,H〉Ajk,
hence
E = ∆⊥(∆⊥H + 〈Aij ,H〉Aij − 7
8
|H|2H)
+〈∆⊥H,Aij〉Aij+ < ∆⊥H,H > H − 〈∇⊥i H,∇⊥j H〉Aij +
3
2
|∇⊥H|2H
+2〈Aij ,H〉∆⊥Aij + 2〈Aij ,∇⊥i H〉∇⊥j H + 3〈H,∇⊥i H〉∇⊥i H
−〈Aij,H〉〈Ajk,H〉Aik − 1
2
〈Aij ,H〉〈Aij ,H〉H + 3〈Aij ,H〉〈Aij , Akl〉Akl
−7
8
|H|2〈Aij ,H〉Aij + 7
32
|H|4H
+2〈Aij ,H〉(−〈Aik, Ajl〉Akl + 〈Aik, Akl〉Ajl).
✷
In general, L4 is unbounded from below and above even for closed four dimensional
submanifolds with a fixed topology. We search for critical points of L4 of the form
(5.4) Sk1(r1)× · · · × Skm(rm),
where ri > 0, i = 1, · · · ,m, is the radius of a round sphere Ski →֒ Rki+1, and k1 ≥
k2 ≥ · · · ≥ km, k1 + · · · + km = 4. Submanifolds of the form (5.4) have parallel second
fundamental form and parallel mean curvature in the normal bundle. We fix r1 = 1.
For m = 1, we have the critical point of the round sphere and
L4(S4) = 24V ol(S4) = 64π2.
For m = 2 and k1 = 3, we have two solutions of the form (5.4) to (5.1)
L4[S3(1)× S1( 1√
3
)] = 18
√
3π3, L4[S3(1)× S1(
√
3
5
)] = 8
√
15π3.
For m = 2 and k1 = 2, we have one solution of the form (5.4) to (5.1)
L4[S2(1) × S2(1)] = 96π2.
For m = 3, we have two solutions of the form (5.4) to (5.1)
L4[S2(1) × S1( 1√
2
)× S1( 1√
2
)] = 48π3, L4[S2(1)× S1( 1√
2
)× S1( 3√
10
)] =
64
√
5
3
π3.
For m = 4, we have two solutions of the form (5.4) to (5.1)
L4[S1(1)×S1(1)×S1(1)×S1(1)] = 24π4, L4[S1(1)×S1(1)×S1(1)×S1( 3√
5
)] =
32
√
5
3
π4.
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